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ABSTRACT 

We describe a contact analog of the symplectic cut construction [L]. As 

an application we show that  the group of contactomorphisms for certain 

overtwisted contact s t ructures on lens spaces contains countably many 

non-conjugate two tori. 

1. Introduct ion  

In this  p a p e r  we in t roduce  the  not ion  of cuts  in the  contac t  ca tegory  and use it to 

s tudy  the  group of con tac tomorph i sms  of cer ta in  over twis ted contac t  s t ruc tures  

on 3-manifolds.  

Recal l  t ha t  a con tac t  form on a 2n + 1 d imens iona l  manifold  M is a 1-form c~ 

such t ha t  

c~ A (dcQ" # 0. 

Thus  a contac t  form defines an or ien ta t ion  on M .  Note  t ha t  if n is odd then  

c~ and  -c~ define the  same or ienta t ion.  I t  is not  ha rd  to see tha t  if f is a 

nowhere vanishing f lmction on the manifo ld  M and c~ is a contac t  form then  

f ~  is also a contac t  form. The  kernels of c~ and  fc~ are, of course,  the  same. 

A c o - o r i e n t e d  c o n t a c t  s t r u c t u r e  on a contac t  mani fo ld  M is a subbundle  

of the  t angen t  bundle  T M  which is given as the  kernel  of a contac t  1-form. 

A c o n t a c t  s t r u c t u r e  ~ on M is a subbundle  of T M  which is locally, bu t  not  

necessar i ly  globally,  the  kernel  of a contact, form. 
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Throughout the paper a will always denote a contact form and ~ will always 

denote a contact structure. Whenever convenient we will refer to a pair (M, a) 

or to a pair (M, ~) as a contact manifold. 

A diffeomorphism of a contact manifold (M, ~) preserving the contact structure 

is called a c o n t a c t o m o r p h i s m .  

A contact 3-manifold (M, ~) is s y m p l e c t i c l y  t i l lable if there exists a compact 

symplectic manifold (W, w) with boundary such that 

1. O W  = M ,  

2. wl~ does not vanish, and 

3. the orientation of M defined by ~ agrees with the orientation of M as the 

boundary of the symplecticly oriented manifold W. 

One often says in this case that ~ is tillable. 

A contact structure ~ on a 3-manifold M is o v e r t w i s t e d  if there is an embed- 

ded 2-disk D C M such that the boundary OD is tangent to ~ and D is transverse 

to ~ along OD. A contact structure on a 3-manifold which is not overtwisted is 

called t ight .  A theorem due to Gromov and Eliashberg shoes that a tillable con- 

tact structure is tight [E4, Theorem 3.2] (see also [Gr, E2]). Thus the standard 

contact structure on S 3 induced by its embedding in C 2 as the unit sphere (the 

contact distribution consists of complex lines tangent to the sphere) is tight. 

Eliashberg showed [Eli that on closed 3-manifolds overtwisted contact struc- 

tures are classified by the homotopy classes of the corresponding plane fields. We 

will exploit this property of overtwisted contact structures to show that for a 

class of such structures the corresponding groups of contactomorphisms contain 

countably many non-conjugate 2-tori. 

2. C u t s  

2.1. TOPOLOGICAL CUTS. We start with the following observation. 

PROPOSITION 2.1: Consider a smoo th  action (fl, m)  ~+ )~. m o f  a circle S 1 0n  a 

smoo th  manifold M .  Le t  f :  M -+ R be an S 1 invariant function. Suppose  that  

a E R is a regular value o f f  and suppose that  the action o r s  1 on f - l ( a )  is free. 

Then the topological space 

M[a,~) := {m E M I f ( m )  C [a ,~)}/ , -% 

where, for m ~ m' ,  m ~ m I i f  and only i f  

1. : ( m )  = / ( m ' )  = a and 

2. m = A . m '  for some A C S 1, 
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is a smooth manifold. The set {m E M ] f (m)  > a} is open and dense in M[a,oo) 
and the difference M[~,oo) \ {m e M I f ( m )  > a} is diffeomorphic to f - l (a ) /S1 .  

We will refer to M[~,~) as the  cut o f  M w i t h  respect  to  the  ray [a, cx~) 
(with the action and the function f understood). 

Proo~ The circle S 1 C C acts on the product manifold M × C by A. (m, z) = 

(A. m, A-lz) .  The function q(m,  z) = f (m)  - Izl 2 is S 1 invariant. 

The level set ko-l(a) is a (set theoretic) disjoint union of two manifolds 

{ ( m , z > : f ( m )  >a, z : e i ° X / ~ - a } U { ( m , O > :  f ( m ) = a } .  ~I/-1 (a) 

The points of the first manifold are regular points of • because they are regular 

points of the function (m, z) ~ -Iz{ 2. The points of the second manifold are 

regular points of q by assumption on f .  Moreover, by assumption on f and by 

construction the circle acts freely on q - l ( a ) .  Therefore the quotient q - l ( a ) / S  1 
is a smooth manifold. 

The composition of 

a: {m E M I f (m) ~ a} --+ q- l (a) ,  a ( m ) = ( m , v / f ( m ) - a )  

with the orbit map q - l ( a )  -+ l~-l(a)/S1 descends to a homeomorphism 

MIo, > -+ 

This gives the cut M[~,~) the structure of a smooth manifold. Moreover, 

restricted to {f(m) > a} is an open embedding and ~- l (a) /S1  \ ~({f (m)  > a}) 

is 1. , 

Completely analogously one defines 

M(-~,al  := {m E M ] f (m)  E (-(x~, a]}/,-~, 

the  cut of  M w i t h  respect  to the r ay  (-cx~, a]. It is also a manifold. 

Remark 2.2: Tile action of S 1 Oll the manifold M descends to an action of S 1 on 

the cut M[a,~). The restriction f[f-l([a,~) ) descends to an S 1 invariant function 

: on the cut. 

More generally if a group G acts on M preserving the function f and commut- 

ing with the action of S 1, then the cut M[~,o~) has a naturally induced action of 

G which again commutes with the action of S 1 and preserves : .  

It is not hard to see that one does not: need a global circle action for the 

construction in Proposition 2.1 to work. 



80 E. LERMAN Isr. J. Math. 

PROPOSITION 2.3: Suppose M is a manifold with boundary OM. Suppose 

further that OM is a principal S 1 bundle. Let  X = M~ ~, where, for m ~ m t, 

m ~ m' if  and only if  

1. m , m  t E OM and 

2. m = A . m ~ for some A E S 1. 

Then X is a smooth manifold, O M / S  1 is a submanifold of X ,  and X \ (OM/S  1) 

is diffeomorphic to M \ OM. 

Proof: We m a y  assume tha t  a neighborhood of the boundary  OM in M is 

diffeomorphic to OM x [0, 1). Then  M = (M \ OM) (-JOMx(0,1) (OM x [0, 1)). 

The  circle act ion on OM extends tr ivially to a circle act ion on OM x ( - 1 ,  1) 

mak ing  the project ion m a p  f :  OM × ( - 1 ,  1) --4 ( - 1 ,  1) Sl- invar iant .  By Propo-  

sition 2.1, (OM × ( - 1 ,  1))[0,~ ) is a smoo th  manifold. Moreover,  it is easy to see 

tha t  

X = (M \ OM) [-J0Mx(0,1) (OM × ( - 1 ,  1))[0,oo) , 

hence is smoo th  as well. | 

Example 2.4: Let M = T 2 × [0, 1] where T 2 is the s tandard  torus  R2/21rZ 2. 

Then  OM = T 2 × {0, 1}. Let  S 1 act  on OM as follows: S 1 acts on T 2 × {0} by 

A . ( x , y )  -- ( x + A m o d 2 7 r Z ,  y) and on T 2 x {1} by A - ( x , y )  = ( x , y + A m o d 2 r Z ) .  

Then  X is S 3. 

2.2. SYMPLECTIC CUTS. Next  suppose tha t  addi t ional ly the manifold M 

possesses an S 1 invariant  symplect ic  form w such tha t  the function f is a momen t  

m a p  for the act ion of S 1. Then  the  cut  M[a,~) is a symplect ic  manifold.  More 

precisely: 

THEOREM 2.5: Let (M,w)  be a symplectic manifold with a Hamiltonian action 

of a circle S 1, let f : M --+ R denote a corresponding moment map.  Suppose 

that S 1 acts freely on the level set f - l ( a )  for some a E R (so that a is a regular 

value of f ) .  Then the cut of M with respect to the ray  [a, oc) is naturally a 

symplectic manifold. Moreover, the natural embedding of the reduced space 

Ma := f - l ( a ) / S 1  into M[a,o~) is symplectic, and the complement M[a,oo) \ M~ 

is symplectomorphic to the open subset {m E M [ f ( m )  > a} of (M, w). 

Proof: (cf. [L]) Consider the symplect ic  p roduc t  ( M  x C, w + v ~ d z  A d2). The  

m a p  g2(m, z) -- f ( m )  - Izl 2 is a momen t  m a p  for an act ion of S 1 on M × C. 

Arguing as in Proposi t ion  2.1 we see tha t  a is a regular  value of k9 and tha t  

the reduced space ~ - l ( a ) / S 1  is the cut M[a,o¢). 
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The pullback of the symplectic form w + x/'21dz A d2 by the embedding 

a :  {m 6 M :  f ( m )  > a} ~ kg-l(a),  a (m)  = (m, v / f  (m) - a) 

is co. Consequently the induced embedding ~Y : {m 6 M : f (rn)  > a} ~-~ 

~ - t ( a ) / S  1 = M[~,~) is symplectic. Similarly one checks that  the natural  em- 

bedding M~ ¢-4 M[~,oc) is symplectic as well. | 

Remark 2.6: More generally the construction can be carried out for Hamiltonian 

torus actions. A ray would then be replaced by a simple rational polyhedral cone 

in the dual of the Lie algebra of the torus with the "Delzant condition" on the 

edges; see [L, LMTW]. 

An analog of Proposition 2.3 holds as well: 

PROPOSITION 2.7: Suppose (M, w) is a symplectic manifold with boundary P = 

OM. Suppose further that P is a principal S t bundle, that COIp is S t invariant 

and that the kernel of mip is precisely the vertical bundle of P -+ P / S  1. Let 

X -- M~ ~,  where, for m ~ m' ,  m ,,~ m I if and only if 

1. m , m '  6 P and 

2. m = A . m '  for some A E S t. 

Then X is a symplectic manifold, P / S  t is a sympleetic submanifold of X ,  and 

X \ ( P / S  t) is symplectomorphic to M \ P.  

Proof: By Proposition 2.3 X is a smooth manifold, P / S  1 is a submanifold and 

X \ ( P / S  1) is diffeomorphic to M \ P.  

We now assume for simplicity that  P is connected. Otherwise we can argue 

connected component by connected component. 

By the equivariant coisotropic embedding theorem the product P x IR carries 

an s l- invariant  closed 2-form & (S t acts on P x R by A. (p, t) = (A.p,  t)) such 

that  

1. &ip×{0} = Tip, 

2. the S t action on (P  x R, a3) is Hamiltonian with a moment  map f (p ,  t) = t. 

Moreover, there is an open S 1 equivariant embedding ¢ of a neighborhood U of 

P in M into P x R such that  

1. ¢(p) = (p, 0) for all p e P,  

2. f o ¢ ( m ) _ > 0 f o r a l l m E U a n d  

3. ¢*~ = w. 

In particular, & is non-degenerate near P x {0}. 
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We have M = (M \ P)  [-JUn(MxP) U. By Theorem 2.5, U[o,oo) is a symplectic 

manifold, the embedding of P / S  1 into U[0,o~) is symplectic and the difference 

U[o,oo) \ ( P / S  1) is symplectomorphic to U \ P.  Therefore X = (M \ P)  U(u\p)  

U[0,~) is a symplectic manifold with the desired properties. | 

2.3. CONTACT CUTS. We start by digressing on group actions on contact 

manifolds and follow the digression by recalling the definition of the moment 

map for a group action preserving a contact form [A1, Gel. 

PROPOSITION 2.8: Let M be a paracompact manifold with a contact form ~, let 

= ke ra  be the corresponding contact structure. Suppose a Lie group G acts 

properly on M,  that is, suppose the map G × M --+ M x M,  (g, m) ~ (g. m, m) 

is proper. Suppose further that the action of G preserves the contact structure 

Then there exists a G-invariant contact form (~ with ker & = ~. 

Proof." The argument is an adaptation of Palais's proof of the existence of 

invariant Riemannian metrics on manifolds with proper group actions [P]. 

Suppose first that the group G is compact. Then there is on G a bi-invariant 

measure dg normalized so that fG dg = 1. We then define & to be the average of 

P 
~x := ]~(g* ~)x dg 

for all x E M. 

Now we drop the compactness assumption. Nonetheless, for every point x e M 

there exists a slice S to the action of G. That  is, S is H = stab(x)-invariant 

embedded submanifold of M such that the union G • S of G-orbits through the 

points of S is open and such that for every s E S the orbit G.  s intersects S in a 

single H-orbit  (see [P]). Note that  the stabilizer H of x is compact because the 

action is proper. 

Since the contact structure ~ is G-invariant its annihilator ~o C T * M  is a G- 

invariant line subbundle of the cotangent bundle. Hence the restriction ~o Ic-s is 

completely determined by the restriction ~o Is- Moreover, any G-invariant section 

a: G .  S -~ ~°lc.s is completely determined by its values on S: 

~(g.  8) = 9-~(8)  

for a l l g E G ,  s c S .  

A contact form a is a nowhere vanishing section of ~°. Given a slice S we 

produce an H-invariant section (~ of ~°ls by averaging a ls  over H.  We then 
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extend & to the open set G . S  by the formula &g.~ = g .&~.  The form (~ is 

well-defined on G .  S because (G.  s) A S = H .  s for any s 6 S. 

Next cover M by open sets U~ of the form G • S~ where S~ are slices. In 

the proof of [P, Theorem 4.3.1] PalMs showed that  this cover may be chosen 

to be locally finite and that  there exist a G-invariant parti t ion of unity {p~} 

subordinate to the cover. The form 

is the desired invariant contact form. Here s[a.s~ is the average of s[a.s~. | 

Definition 2.9: Let M be a manifold with a contact one-form s .  Suppose a Lie 

group G acts properly on M and preserves the contact distribution ker s .  By 

averaging if necessary (see above) we may assume that  s is G-invariant. We 

define the corresponding m o m e n t  m a p  ~: M --~ 0" (0* is the dual of the Lie 

algebra g of G) by the equation 

,j) = s ( , 1M)  

for all 71 6 g. Here (.,->: g* x 0 --+ R is the standard pairing, and I]M denotes the 

vector field on M induced by ~l 6 g. 

The following result is a slight generalization of Theorem 6 in [Ge]. 

THEOREM 2.10: Suppose (M, s )  is a contact manifold with a proper action of  a 

Lie group G preserving the contact form s .  Suppose 0 is a regular value of  the 

corresponding moment  map ~: M -+ g*. Then o~[(i~-l(O ) descends to a contact 

form so on the orbifold Mo := O - I ( o ) / G .  

Proof: The proof is identical to the proof of Theorem 6 in [Ge]. The main idea 

of the proof is that  a point x lies in the zero level set of the moment  map if and 

only if the orbit G - x  is tangent to ke r s ;  hence a1¢-1(0 ) descends to a 1-form s0 

on Mo. | 

We will refer to the pair (Mo, So) as the contact quotient of (M, s )  or as the 

reduced space. 

THEOREM 2.11: Let ( M , s )  be a contact manifold with an action of  S 1 pre- 

serving s and let f denote the corresponding the moment  map. Suppose that 

S 1 acts freely on the zero level set f - l (O) .  Then the cut M[o,~) of M is natu- 

rally a contact manifold. Moreover, the natural embedding of  the reduced space 
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Mo := f - l ( O ) / S 1  into M[o,~) is contact and the complement M[o,o¢) \ Mo is 

contactomorphic to the open subset {m E M ] f ( m )  > O} of (M, a). 

Proof  Consider the contact  manifold ( M  × C, a + ½x/-Zl(zd2 - 2dz)) with the 

circle act ion A- (m, z) = (A. m, A- lz ) .  The  m a p  ffJ(m, z) = f ( m )  - [zI 2 is the 

corresponding momen t  map.  Arguing as in Proposi t ion  2.1 we see tha t  0 is a 

regular  value of • and tha t  the reduced space ~-1(0 ) /$1  is the cut M[0,~). 

The  pullback of the contact  form a + ½x/-~(zd2 - 2dz) by the embedding  

a: {m ~ M : f ( m )  > O} c-~ ko-l(O), a ( m ) = ( m , v / ~ )  

is a .  Consequent ly  the induced embedding 8: {m E M : f ( m )  > 0} ~-~ 

q2 -1 (O)/S 1 = M[0,~) is contact .  Similarly one checks tha t  the na tura l  embedding 

Mo ¢-~ M[o,~) is contact  as well. | 

Example 2.12: Consider the three-manifold M = S 1 × S 1 × R with coordinates  

01, 02 and t. The  form a = cos t  dSl +sintd02 on M is contact .  The  two torus  
T 2 = S  1 × S  1 acts o n M b y  

(a,b).  (81, 02, t) = (01 + a, 02 + b,t) 

for all (a, b) C S 1 × S 1, (81, 82, t) E S 1 × S 1 × R (here we think of S 1 as R/2~rZ). 

The  act ion preserves the contact  form a ,  and the corresponding momen t  m a p  

f -- ( f l ,  f2) : M -+ R 2 is given by 

f(81, 82, t) = (cos t, s int) .  

Let  us cut  M with  respect  to [0, oo) using the second componen t  f2 -- sin t of  f .  

Since 

f21([0,  ec))  = {(01, 02, t ) :  t E [2rrn, ~r(2n + 1)1 , n E Z}, 

the cut is [[nez{(8x, 82, t ) :  t C [27rn, 7r(2n + 1 ) ] } / ~ ,  which is the disjoint union 

of countably  m a n y  copies of S 1 x S 2. We will see later  tha t  the contact  s t ructure  

tha t  we have constructed on S a × S 2 is tillable. 

R e m a r k  2.13: As in the symplect ic  case, if the contact  manifold carries a torus 

act ion then we can define cuts with respect  to a simple ra t ional  polyhedral  cone 

in the dual  of the Lie algebra of the torus. One can prove direct ly tha t  if the 

momen t  m a p  is t ransverse to all faces of  the cone then the result ing cut  space is 

a contact  orbifold. Alternatively,  one can apply  Theorem 2.11 above and contact  

reduct ion in stages. 
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Remark 2.14: The construct ion of a contact  cut  does not depend on a choice of a 

contact  form. Suppose we change the contact  form by mult iplying it by a positive 

invariant function. The corresponding monient map gets multiplied by the sanie 

function. Consequently the contact  form on the cut  space gets multiplied by a 

positive function. 

Alternatively, since contact  reduction can be defined wi thout  any reference to 

moment  maps [S], contact  cuts may also be defined without  moment  maps: we 

define it to be the contact  reduction of M x C. 

It  is impor tan t  to note tha t  we have a contact  analog of Proposi t ion 2.3. 

PROPOSITION 2.15: Suppose (l~I, (~) is a contact manifold, M is a manifold with 

boundary of the same dimension as ~ /  embedded in l(/I. Suppose further that 

there is a neighborhood U in M of the boundary OM and a free S 1 action on U 

preserving c~ such that the corresponding moment map f : U ~ R satisfies 

1. f - i ( 0 )  = OM and 

2. f - l ( [O,  ec)) = U A M.  

Let X = M~ ~, where, for m # m', m ~ m' if  and only if  

1. m ,m '  E OM and 

2. m = A . m '  for s o m e A E S  1. 

Then X is a contact manifold, OM/S  i is a contact submanifold of X ,  and 

X \ (OM/S l) is contaetomorphic to M \ OM. 

Proof By Proposi t ion 2.3 X is a smooth  manifold and X \ (OM/S 1) is 

diffeoniorphic to M \ OM. We would like to show tha t  X is contact .  

We have M = (M \ OM) UUn(M..OM) U A M. By Theorem 2.11 U[0,~) is 

a contact  manifold, the embedding of OM/S  1 into U[0,~) is contact  and the 

difference U[0,oo) \ (OM/S i) is contactomorphic  to UA (M \ OM). Therefore X = 

(M \ OM) UUn(M\OM) U[o,~) is a contact  manifold with the desired properties. 
| 

Example 2.16: Let .~/ denote the manifold S i x S 1 × R with coordinates 

0i, 02 and t and a contact  form a = cos ½7rt d01 + sin ½7rt d02. The manifold 

M = S 1 x S 1 x [0, 1] embeds natural ly  into )l~/. The boundary  of M is OM -- 

Si  x S i  x {O, 1 } . L e t U i = S i x S i x ( - ½ , ½ ) , U 2 = S i x S l x ( ½ , 3 ) .  

Consider the S i action on U = Ui UU2 induced on Ui by the vector field 0/002 

and on U2 by O/OOi. The corresponding moment  map  is f is given by 

flu, = ~ ~ = sin ~ t  and flu2 = ~ c~ = cos ~t .  
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1 1 The set { f  >_ 0} is {(01,02,t) E M I 0 _< t < ~ or ~ < t <_ 1}. The cut manifold 

X is easily seen to be the 3-sphere S 3. 

We will see below (Example 2.19) that  the induced contact structure on X is 

the standard contact structure on S 3. 

2.4 .  CUTS OF HYPERSURFACES OF CONTACT TYPE. I t  will be useful for us to 

have a way of establishing that  the contact structure on a contact cut is tillable. 

Recall that  a hypersurface E in a symplectic manifold (M, w) is of e o n t a e t  t y p e  

if there exists on a neighborhood of E a vector field X such that  X is transverse 

to E and such that  the Lie derivative of w with respect to X is w: L x w  = w. It  

is well known that  in this case the restriction of the contraction t (X )w  to E is a 

contact form. 

Our first step is to note that  the contact quotient of an invariant hypersurface 

of contact type is again a hypersurface of contact type. More precisely: 

PROPOSITION 2.17: Suppose (M, w) is a symplectic manifold with a Hamiltonian 

action of  S 1 and a corresponding moment  map f:  M --~ ~. Suppose that E is 

a hypersurface in M which is preserved by the action of S 1. Moreover, assmne 

that there is an S 1 invariant vector field X defined in an invariant neighborhood 

of  E such that X is transverse to ~ and such that the Lie derivative of  w with 

respect to X is w. Then the contact form a := (t(X)w)[~ is S 1 invariant, and 

the moment  map fn  for the action of  S 1 on (~, a) is, up to an additive constant, 

the restriction of f to E. We may assume that the constant is zero. 

Suppose further that S 1 acts freely on f - l (O) .  Then 0 is a regular value o f f  

and of  f [~, and the contact quotient ~o is a hypersurface of  contact type in the 

symplectic quotient Mo := f - l ( O ) / S 1 .  

Proof: The vector field X descends to a vector field Xo on a neighborhood of Eo. 

It  is not hard to see that  the reduced symplectic form wo satisfies Lxowo = o~o 

and that  (L(Xo)wo)[~o is the reduced contact form ao. | 

COROLLARY 2.18: Suppose (M,w) ,  Z C M and f:  M -+ ]~ are as in the 

proposition above. 

The cut ~,[0,oo) is a hypersurface of contact type in the cut M[0,oo), and the 

cut contact form on ~[0,oo) is (L()()w[0,oo))[r,[o.oo), where w[0,oo) is the induced 

symplectic form on M[o,oo) and f i  is the vector field on a neighborhood of Z[0,~) 

induced by X .  

Proof: The hypersurface E × C in M × C is of contact type. The cut E[o,oo) is 
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the reduct ion of E x C, and the cut  M[o,o~) is the reduct ion at zero of M x C. 

Now apply Proposi t ion 2.17. II 

Example 2.19: Consider the cotangent  bundle M = T*T 2 of the s tandard  two 

torus with the s tandard  symplectic form. Denote the coordinates on T 2 by 01, 02 

and the corresponding coordinates on T*T 2 by 01, 82, Px, P2. In these coordinates 

the cosphere bundle with respect to the flat metric is 

E =  { (01 ,02 ,p l ,p2) :p~+p~ = 1 } ~ - T  3. 

The contact  form on E is 
= 

Consider the action of S 1 given by 

a . (Ot ,O2 ,p l ,p2 ) - - (O1 ,02+a ,  pl,p2). 

The map  

f(01,82, Pl, P2) ---- P2 

is a corresponding moment  map. I t  is not  hard to see tha t  

Mto,  ) = {(O ,02,pa,p2):p2 0 } / ~  

is symplectomorphic  to T*S 1 × C, and that  E[0,oo) ~ S 1 × S 2. Consequently the 

contact  s t ructure  on S 1 × S 2 tha t  we obtained by cut t ing is tillable, hence tight 

[E3] (cf. Example  2.12). 

Next consider the act ion of  S 1 on T*T 2 given by 

b'(O1,02,pl,p2) = (01+b, O2,pl,p2). 

The map 

h(01, Oe,pl,p2) = pl 

is a corresponding moment  map.  This action of S 1 commutes  with the first action 

of S 1. Consequently it descends to a Hamil tonian act ion on M[0,o~) ~ T*S  1 x C. 

The corresponding moment  map h: T*S 1 x C -4 R is given by h(0,p,  z) = p +  Izl 2 

for all (0,p, z) E T*S ~ × C. If  we now cut again we obtain (T*S 1 x C)[0,o~) "~ C 2. 

The cut  of the hypersurface is the s tandard  S 3 in C 2 . I t  follows tha t  the contact  

s t ructure  constructed in Example 2.16 is the s tandard  tight contact  s t ructure  on 

the 3-sphere. 
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2.5. CUTS AND SYMPLECTIZATION. A contact manifold (M,a )  embeds natu- 

rally as a hypersurface of contact type into its s y m p l e c t i z a t i o n  (M > R, d(eta)) ,  

where t is the coordinate on R. Moreover, if there is an action of S 1 on M preserv- 

ing c~, then the trivial extension of the action to M × R preserves the symplectic 

form d(eta). The two moment maps ko: M × R -+ R and ~: M -+ R are related 

by the formula 

~(m,t)  = -e~¢(m) 

for all (m, t) E M × R. Using this formula it is easy to see that symplectization 

and reduction commute: 

((M x R)o, (d(etoL))o) = (Mo x R,d(eto~o)) 

where (d(eta))o denotes the reduced symplectic form and a0 denotes the reduced 

contact form. 

Since cutting amounts to reduction, we see that cuts and symplectization 

commute: 

PROPOSITION 2.20: Let (M, ~) be a contact manifold with an action ors I pre- 

serving the contact form. Then the symplectization M[0,~) x R of the cut M[0,oo) 

is symplectomorphic to the cut of the symplectization (M x ]R)[0,~). 

2.6. CONTACT GLUING. Recall that given a symplectic manifold (M, w) with 

a function f :  M -+ R generating a Hamiltonian circle action we obtain two 

cut manifolds M[a,~) and M(-~,a] for every regular value a of f .  Conversely, 

the manifold (M, w) can be reconstructed from the cuts M[a,~) and M(-oc,a] by 

gluing them symplecticly along the codimension two submanifold Ma (see [Go] 

for a precise description of symplectic gluing). 

Symplectic gluing has a counterpart in the contact category. If N is a contact 

submanifold of a contact manifold (M, a) then the normal bundle u of N is 

symplectic, hence has well-defined Chern classes. Suppose now that a manifold N 

is embedded as a codimension two contact submanifold of two contact manifolds 

( M l , a l )  and (M2, a2) such that the first Chern classes of the corresponding 

normal bundles Ul, v2 are the negatives of each other: Cl(Ul) = -el(v2) .  Then 

one can glue M1 and M2 along N to obtain a new contact manifold MI#NM2 
with the following properties: 

1. It contains a hypersurface P diffeomorphic to the sphere bundle of ul (and 

of -2). 
2. MI#NM2 \ P is contactomorphic to the disjoint union of M1 \ N and 

M2 \ N .  
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This construction, with the additional assumption that  cl(vi) = 0, i = 1, 2, is 

described in detail in [Ge]. The construction also works in full generality. 

Now if (M, c~) is a contact manifold with a circle action preserving the con- 

tact form c~ and the corresponding moment  map f :  M --~ R, the contact cuts 

M[0,~) and M(-~,0] can be glued contactly along M0 to reconstruct M up to a 

contactomorphism. 

3. An application 

Recall that  according to Eliashberg's classification of co-oriented contact struc- 

tures on the 3-sphere there exists exactly one overtwisted co-oriented contact 

structure 40 on S a which is homotopic to the standard contact structure as a 

2-plane field (cf. [Ae]). Let us refer to 40 as the standard overtwisted structure 

on S ~. 

In this section we use contact cuts to produce countably many non-conjugate 

2-tori in the group of contactomorphisms of the standard overtwisted contact 

structure on the 3-sphere. We then remark that  for any rational number p/q 

the same construction produces an overtwisted contact structure ~ on a lens 

space Lp/q with the same property: the group of contactomorphisms of (Lp/q, 4) 

contains countably many non-conjugate 2-tori. 

THEOREM 3.1: Consider the standard overtwisted contact structure ~o on the 3- 

sphere S 3. Tile group of contactomorphisms of (S 3, @) contains countably many 

non-conjugate two-tori. 

Proof" As in Example 2.16 let /~/ denote the manifold S 1 x S ~ × R with 

coordinates 81, 82 and t and a contact form a = costd81 + sintd82. For each 

non-negative integer k consider an embedding tk of M -- S 1 × S 1 × [0, 1] into/1~/: 

tk(81, 82, t) = (81, 02, (2~rk + r /2 ) t ) .  

Let C~k = t~a = cos[(2k + 1/2)rt]  dO1 + sin[(2k + 1/2)r t]  d82. Consider the action 

of S ~ on the boundary OM generated by 0/002 on S ~ × S ~ × {0} and by 0/00~ 

on S 1 × S 1 × {1}. Then as in Example 2.16, the cut manifold X = M~ ,,, is 

S 3. By Proposition 2.15 each of the contact forms ak induces a contact from &k 

on X.  

Note tha t  by Examples 2.16 and 2.19 the contact from (~0 defines the standard 

tight contact structure on S 3. We now argue that  

1. All contact forms ~k are homotopic as non-vanishing one forms, that  is, 
k ! k , l  for all k, l  C N there is a family of 1-forms {c~t' }0<t<l with ~0 = Ok, 
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k,l a k'l = Ol, and (a t )x ~ 0 for all x • X. Hence the corresponding contact 

structures are all homotopic as 2-plane fields. 

2. For k > 0 the contact structures ker Ok are overtwisted. Since overtwisted 

contact structures on 3-manifolds are classified by the homotopy type of 

the corresponding 2-plane fields [Eliash], it would then follow that all the 

contact structures ~k are equivalent provided k > 0. 

3. For any two distinct integers k, l _> 1, there is no contactomorphism ¢ : 

(X, Ok) ~ (X, Ol) which is S 1 x S 1 equivariant. 

Items (2) and (3) together then prove the theorem. 

To construct a path between Ok and Ol consisting of nowhere vanishing 1- 

forms, consider first the straight line homotopy between ak and at on M. It fixes 

the end points and so descends to a homotopy between Ok and Ol on X. If the 

homotopy vanishes at a point x0 at a time to, correct it by pushing the path out 

in the dt direction. 

To see that the contact structures defined by Ok (k > 0) are overtwisted, fix 

c • S 1 and consider the subset Dc k C X given by 

D ~ = { [ 0 1 , 0 ~ , t ] • X ] 0 1 = c ,  0 < t < 2 ~ r / ( 4 k + l ) } ,  

where [01, 02, t] is the class of (01, 02, t) • M. The set D~ is an overtwisted disk 

in (X, Ok). 

To prove (3) consider two contact connected manifolds (N1, a l ) ,  (N2, c~2) with 

an action of a Lie group G preserving the contact forms. Let fi: Ni --+ 9" 

(i = 1, 2) denote tile corresponding moment maps. If ¢: (N1, a l )  --+ (N2, a2) is a 

G-equivariant contactomorphism, then ¢*a2 = hal for some nowhere vanishing 

G-invariant function h on N1. Since N1 is connected, h is either always positive or 

always negative. Say h > 0. Then for any nonzero vector ~ • g* the preimages 

f ( - l ( {e~  [ s • R}) of the ray through ~ have the same number of connected 

components (if h < 0 then s0(f~- l ({e~ I s • R})) = 7ro(f~-l({-eS~ I s • R}))). 

Now for any k > 0 the map moment map fk: (Xk, Ok) ~ 1~2 for the action of 

S 1 x S 1 is given by 

[ / 4 k + l  \ 
- -   cos h([ol,o2,t]) 

Hence 

~r0(f~-l({eS(-1, 1) [ s E ll~}) = ~r0(f~-l({eS(1,-1) [ s • •}) = k. 

Therefore (3) follows and so does the theorem. | 
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Let us now turn  our a t tent ion to lens spaces. Recall tha t  the lens space Lp/q 

is the manifold obtained by at taching two solid tori S 1 × D 2 together by a diffeo- 

morphism sending a meridian {x} × OD 2 to a circle of slope p/q C Q, where we 

use the convention tha t  {x} × 0 D  2 has slope oo and S t × {y} has slope 0. Thus 

L1/o = S 1 × S 2 and Lo/1 = S 3. Recall also tha t  the fraction p/q determines 

Lp/q completely. At a loss of some precision Theorem 3.1 can be generalized as 

follows for arbi t rary  lens spaces. 

THEOREM 3.2: There exists on a lens space Lp/q an overtwisted contact structure 

with the property that the group of contactomorphisms of (Lp/q, ~) contains 

countably many non-conjugate 2-tori. 

Proo~ The proof  is essentially the same as the proof  of Theorem 3.1. We 

start  by giving a description of lens spaces which is convenient for our purposes. 

Consider again M = S 1 × S 1 × [0, 1]. Consider the action of S 1 on the boundary  

of M defined on S t × S ~ × {0} by the vector field 0/082 and on S ~ × S 1 × {1} 

by the vector field 10/0~1 - k0/082. By Proposi t ion 2.3 the cut  

Xk,l :=  M~ 

is a manifold. Note tha t  the s tandard  action of S 1 × S 1 on M descends to an 

action on Xk,i. One can show tha t  Xk,~ = L(-k)/l. 

Next fix (0, 0) ~ (k, l) E Z × N and consider for each j E N the embedding 

/,j : M = S 1 x S 1 x [0, 1] -+ S t x S 1 x R, /,j (81, 82, t) = (81, 82, (Sk, l + 27cj)t) 

where 8k,l is the unique angle with 0 < 8k,I _< 7r and tan  Sk,l = l /k.  Let •j ~- 

t~ (cos t d81 + sin t d82).  By Proposi t ion 2.15 each of the contact  forms a j  induces 

a contact  from &j on Xk,l. As in the proof  of Theorem 3.1 one shows that :  

1. For all j,  j '  _> 0 the contact  structures ker ~j  and ker 6 j ,  a re  homotopic  as 

2-plane fields. 

2. The contact  structures ker &j are overtwisted for all j > 0, hence are all 

equivalent. 

Let us denote the contact  s t ructure defined by &j, j > 0 by ~. This is the contact  

s t ructure in the s ta tement  of the theorem. 

Finally, by examining the number  of connected components  of the fibers of 

the appropriate  moment  maps one sees that ,  for any two distinct integers j,  j '  > 

1, there is no contactomorphisn~ ~b: (Xk3, ~j) "-4 (Xk,l ,Oj')  which is S 1 x S 1 

equivariant. | 
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